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ABSTRACT

A pr iori error estimates for Galerkin methods for numerical approximation

of the coupled quasilinear system for c c(x t) and p — p(x,t) given by

V•(a(x,c){Vp — y(x,c)Vz}] = 0

V.[b(x,c,Vp)Vc] — u(x,c,Vp) Vc = • (x)

for X e  ç~, t e (O,TJ, and appropriate Neumann boundary and initial conda.-

tions are considered Equations of this type arise in models for the miscible

displacement of one incompressible fluid by another in a porous medium .

Estimates for both continuous time and fully—discrete time Galerkin methods

are presented.

AMS CMOS) Subject Classifications: 65M15, 65Nl5, 65N30, 76.35

Key Words : Ga].erkjn methods, Error estimates, Fluid flow, Numerical analysis

Work Unit Number 7 (Numerical Analysis)
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SiGNIFICANCE AND EXPhM4ATI ON

Equations of th. type stated in the Abstract arise , fot example , in

models for the miscible displacement of one incompressible fluid by

another in a porous medium as in chemica~1 f1oodin~j  of oil wells to recover

mor. of the oil. The variable c - ~ ( x , t )  corresponds to the concentra-

tion of the fluid used for the flooding process while the variable

p (x,t) corresponds to the pressure at the location x in the medium

at t ime t.

This paper gives error analysis and error estimates for certain

numerical methods for approximate solution of the coupled quasilinear

system of parabolic partial differential equations in the Abstract.

Both continuous-time and fully-discrete time methods are presented and

ana l yzed .
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~~LERXIN METHODS FOR MISCIBLE DISPLACEMENT PROBLEMS IN POROUS MEDIA

Richard 5. Ewing1 and Mary Fanstt Wheeler 2

1. Introduction

We consider the numerical approximation by Galerkin methods to a problem arising in

the miscible displacement of one incoapzsssible fluid by another in a porous med ium .

A set of equations (6] and (9] modeling the pressure p(x,y,t) and the concentration

c(x,y,t) i~ given by

(1.1) ~ (~~L (~~~...yc ?n + ~L. (4j- (~~~-y(c) n.)) 
-

~~~~~ 
u - ~~~~~ - q(x,y)

and

(ci (~ ,D,c,Vp) — uc) + (6($,D,c ,Vp) - uc)

(1.2) + -j
~
-- (~ ($,D.C,VP) .~2 ) + (B(4,D,c ,Vp)

-
— •(x,y) + q(x,y)c (x.y,t)

for (x,y) e 0, t I 3 — (O ,’l’J , where the reservoir 0 is a bound ed dc~ ain with boundary

~0. Here k — k
5(x

,y) and k — k (x,y) are the permeabilitiea in the x and y

directions respectively, ~ ~i(c) is the local viscosity of the fluid. y y(c) is

its density , and are the components of the dip angle, and q, the imposed

— total flow rate, is a linear combination of a finite number of Dirac measures, (i.e.

sources and sinks). The function 0 •(x,y) is the porosity and 0 — D(x.y) is the

molecular diffusion level. The components of the dispersion coefficient, ~~~, iS and tt,

art’ functions of porosity, diffusion , concentrat i~’n , and the gradient of pressure. It

is not uncone~ n in petroleum reservoir engineering for one to assume that ~ 0 and

ig (D) and iS — iS (D) (see [91). The function ~ is equal to the specif~ed concentra-

tion at injection wells (sources) and to c(x,y,t) for production wells (sinks). No flow

~~~ i)hio State University, Columbus, Ohio 43210.
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~‘on.t t t tuna are assumc’sl ‘‘ii the I’ - .~r ( lie i esq’ i v~ ’ i i  an~1 an I n i t  t a t  . ~‘t i . - ’ - i i t  t at i~ -n I ~ . j i  v i i

threughout th. r ,.s,rvot , • Fot a uen.*-al .1ts~’u i s t o n  ~.t th. physics ot mi scib le displace—

Sent problem s i i i  ies,’* vo i rn.t t tieot t nq the -e.d.t is ref,rtmt t o  ‘eaceat&n -•I .

i n  t he ...aleik in  i’i~ c.~tut . we sh.lt use ~t i ft e r e n t  at spaces of I G )  ii ~- ‘i~~~ i ma t  e

~r .saul -e and c~’nc.nt 1St ts ’n . We nut e t hat , i t  ~
- (a , , t I , I h.n (I • 1) and ( 1 .2 1  a t e

td.nt ical • In t h is •‘aa. w~ ~ ie n *’ett t o use the  cam.’ S~’ptOX t~~ t 1(1-4 .ub.pa~’.c ci

N~~55U le and cofl cen t l-~ t t o n.  We a te  thus led I . ’ I~eplai ’ (n.j ( t  . 2  by t he IlOII ~-tt ivet ‘jen.’. futa

•;~ 
~~~ ~ 

• 
.~~ . t ’  :;~ 

• ~~ . ~ 
• 

~ t~
t( — — 

~~~

I I  ~1

— • :~ 
‘l ( * . Y 1 ~~ — c )  ,

whIch is obtained by mu It I ply I nii (1 ( 1  by c and subtr act  tn -i  the tesult f *~ its (1 . .~
$.ttar I, Pr ice, and L1u4~)nt I I i l e s e nt  oil • w it i tout  .oi~ I ys s , .i i t  i t t  .‘ e I etnehit met ito.t t ci

~~~ lv i n~i t I • I — i I . w lb t~ .‘. r~r a ~~~~ Ic It  y • we shall ~-o~ t the ~ ‘t~pl eu quas (it teat

system with del’enutent va ri abl es s’ — 
~ ( 5 . 1 and i — P1 * , 1 uj lv i ’n by

( 1 .4 )  V . Ia(*,~’~ 
(V 1’ — ~ (5,~ ) V *) l  — ii

( ( . ‘ )  
~
‘‘I b(*.c,Vi’tV. ’1 — u h . c .V p ) .\ ~ — •(* )

tot * ~ ~~• t I 3 ~ (0 , DI , wf~er. t~ is a bounleul domain in  • — 2 • w i t h  boundary

30 and u~*.~’,Vp) — — a~~ i , . - i  (Vp — ( *,~~i V ~~) t i  .1 \, ‘~~t . ’t i i  1i . ‘lit. a n a ly s t s

f~ r U .4 ) — U .  “I  easily xtend. to the case i i  . 1 )  and ( I .  I t  whe t , .  mt*ed * — y •t.’t tya—

t ives ate ~‘r,s.nt . * assume th at  th. tot low t tnt (‘u ’t t t t ~t i t  y and in  it tat u’s’ttit it tons ho l~1 t

U.t’) a (x .u—){ ~ — 
~~~~~~~~ 

— ~ •t~

( 1. b ( x ,~ - , Vp) :~: — ~ • ~ ~ •IG , ~ . .~

( 1 . 1 1 ) - (s . d — 
~~~~~~~~~ * r •

whet. ‘~ t .~ the not es 1 ii’, t v~ t iv. of t ~~ii t he  bouttlaty ot • We not .‘ t h a t

U .4) — i I . i i )  w t I I  tot t ii. ’ p (* , t on ly  1~ ’ w i t h i n  an i i i  I t  t- .it y con at  ~it t  . We shalt
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normelis. p by th. condition that

• ( 1.9) T~T / p (x•t)dx — 1• t 3

where G I  I s th. measure of 0. We note that for (l.4~ and (1.5) , we have chosen

• 
q 5 0 in (1.1) and (1.1). If q is assumed to P.. smooth, which corresponds to smoothly

distributed sources and sinks, the analysis fol lows with few changes .

The paper conit ets of three additional sections. In Section 2 , the continuous

time ’ and discrete time Galerkin procedures are formulated . Assumptions on the coefficients

correspondinq i .  the physical problem and smoothness assumptions on the solution ~t i c

given. Methods are presented which allow the approximations for concentration and

pressure to lie in different subspaces of H1 (0). In Section ~~, a—priori error estimates

for the continuous time approximations are qiven . Optimal L rates of convergence are

established for the case where the dispersion coefftci,nt depends only upon molecular

diffusion us tnq  stibapaces o f thc east.’ ct tor of approx imat ion . In the case that the

dispersion .‘ e ff t ’ t i ’ n t  also depends upon the Darcy velocity, we obtain an optimal L

I. i t ,~ us i ~ .t inib5~’ace ef one hither c i d e t  fcr  the pressure than for the  con centr at ion.

in sin-i t en  4 .  these i- e ’su l ts  are extended to the discrete time case’.
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2. The Finit. ELss.nt Me thods and a Pr.ci. of the R sults

Let (u .v) — / uv dx and f u l l
2 

— (u,u). tat Wk (O) be the Sobolev space en
11

with norm

k 
— Z 

~ ~~~N m~ i k  ~~~ L’(O) •

with the usua l modification for s — ~~~. When a — 2 . let ltd — ~~ k ~~
U k 

i t
H

Vt — (f
1
,f
2
) writ. in place of ( l I f l U S

k + f l f 2 t I 9
k~~

. Also I U t ~ ) w i l l

denot, the usual Sobol.v space on 31’2 .

Let (Nh } be a family of finite—dimen sional subspaces of H 1b~) wi th  the (oll~swi n~i

prope rty :

For p — 2 or p — ~~ , there exist an integer r ‘ .~ and a constant K .

such that, for 1 q s r and •
(2.1) m t  ( I I , —  ~ I + h~~ ‘~~ I 

~X I V  w W
h p p p

Similarly , we define a family c f  finite-dimensional subspace’s of H’ t t ~ ) cal led

which satisfies the Sante property ~~ 1 h~ 
w i t h  r ioplaced by a .  We also .Isntinn’

that the families (M
h~ 

and (N
b
) satisfy the follc.winq so-calli ’d “in v e rse  hypotheses ’ :

a) ~I I K0
h 

~~~ 
— K~~h

’ !LI~~ , and

( 2 . 2  L (i~
)

b) Vo t~~h
’ l V,

1. (i ~ l

Restrict G as follows (with S detiet i n.j t h e  ccl 1.’c ion ci lea i i  ~-t l ens)

C S) 1) i~ is H 2 —r.qu lar ,  i .e . .  i t

~~ • dv — , x e’ t~ • (I — d ci I

• ~
-‘ — • x e ~)

and t~~. I 1  ‘ ‘ni s  .‘ u t~ 0

then

l v i ,  K ( i ~~~~~~~~~ U n i t  - ,
. 

H —

.‘) •~~: in
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Let

b b(x.c,Vp) a

and
u I u(x ,c,Vp) — (u

1
(x,c ,p), U2

(X ~C~Py
))

For some > 0 restrict the variable q
1 

to lie between

Assume the following regularity for a, y, b, u, and •:

-~~~~~ (Q) : 1) There exist constants a5, b5 , •~ and K
1 

such that

a) 0 < a5 < a (x ,q
1

) <

b) y (x,q
1
) I ~~. K

1

C) 0 < $~ < $ ( x )  K
1

~~~~ (2 . 3 )

: 
d) l” z~~ I ~
e) 0 < b5 < b (x ,q,q 2 ,g 3) ,  ~ ,q 2 ,q 3 I P

f) u~ (x,q1
,q
4)I 

< K~~(l + 1q 4 I ) ,  i — 1, 2 ,q 4 I P

g) b (x , c, Vp) <

2) There exists a constant M such that for (c,p) the solution to (l.4)— (l.8)

2 -and for  (g 2 ,q 3
) E P , 1 — 1, 2,

+ (5 q
1
) + lL~. Cx c Vp) 1 2

+ -
~~
_-

~~ (x q1
,Vp) 

2

(2.4) + 
k~~ 

(x .q
1~

q2
)~ + 

~~~~~~~~~~~~ 
+ l—

~
- (x .c~ VP ) f  + 

l:c~~~ 2 
(x.c)l

+ (~
—_ (x,q

1
,p ,p ) + (x,q

1
,q
2
,q
3
) + ~~

_-_ (x .q~,q~ ,q3
) ~ M

The assumptions made on the coefficients in (Q) are physically motivated. In the

general miscible displacement formulation (l.l)-(l.3)
2 2

+~~~ -- ‘
~~~~ — + c i  

~~ }~ flu III ~ Ill u i l l
• 

•

‘ 

— + — S
t 1 

~~~~~~ 
‘ 

and

Ill u

:1

~ 

~~~~~ 
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whet. t H u  III * 17. U and t ~nt1 t a ir  fl(5t)Jfl..Jaj lye  constants ~s.’.- ( t -  and I ’ l l )  . One
* V I

can show tha t  s . r~, and ~ sa t i s f y the ~-o n. I i t  len s  assumed for b, that Ii

and k ic) satisfy those t o t  a . and that u and u sa t i s f y assumptions made

On the u .

Let

:11 — J L
( . t I i l j ~ 1 s q

i. ’ t (S.  b X ~~~~~~ b)

Let 4 j ’ . c)  , the aulut t o n  ci 11.4 1_ Il. l i t  • s.,t l e t  v the following regularity assum~’t ions

C R) : a II~’U • H , ~i ’ J } K , •
I l.~ H - - 

1- ’ ~.l ) C ( i i  H~) 
—

- l• - 1t,
( 2 . ”)  bI ‘ c II ‘~~~~ 

‘ H • 1 
- ~ :~ 

K., ,
) I .~ )t ~ I -.- ‘5, 1t ’ W~~) 

1 ( 3 : 1 - ’) t ~J I H  )

for some t ‘ ~~.

The ana lysis proceeds , fo l ’ owinq Wheeler ( l d l, u sinq a pair of auxi liary ~1liptic

problems . Let p 1 N
h be the o il  il ’t  t . ’ pie lect ten of p into N

h def i ned by

(a( ,‘ 1. , t ) ) V 1,  Vvt  — ( a t r n  , c~ • , t Vp . Vv) • v I ,

for each t I 3 , wh.re

2,  ‘ I 
• 

1 
p t it • t ) lx — 1 , tot’ each t 1 3

and where t p , c )  Is the so lut i on  ci t l . 4 1_ U . t U  . The t , - n t r i c t j o nc t S ’  Im(’!v the t . ’I ~~ew—

ing result.

~~~~~~~~~ ‘There ex i st s  • K 1 t, . -
~~ • t , . t’.

1
, su ch t h.i t

U p  - p ‘ h f J V U’ - p f l  ~ 1~~ I iHi .

Let ~ .) bc ~‘hu’sen s u f f i c i e n t l y  1 .trui,’ t h a t  t h e ’ t ’i 1 i u.’t r  fo rm

— (b ( . - , V p ) V ~~. V~~t • Cutc .~
’p’ ~~~~~~~ +

i s c ~’,
. iv,’ ‘v, t II ~ (~~~) . •‘i ,‘ I ‘ ‘ ist’ ) t i e , ’ I I  i~~ ) I c i’  1~ ’ I t ’ i t  • ~

, ‘
~~~~. t t ct  tie ~ j  i- v

t t ( c .w t  — P l c . -’t — — ( 4 ~ • W 1 + \ ~c , w , w t

• 

- - 

~~~~~~~~~~~~~
-
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I

t
- , t e 1 . rs,’u , ~ s in  l i t ’) .iu.t I I )  we . - a l i  ~ b t ., iii t h e  foi l owing 1 on~~a.

~e~~ a ’ Ther. exi sts N
4 

— ~~~~~~~~~~ ,~~ , .N . M su~ - t -  that

. — I-
i~~’ 

- 
2 2 • • hflc - c l i

— I (0  ‘ -
1 
2 
~0 1 

1. J; H I

K 4 h t {HcU 2 r •
• tO ; H I .~

b) ~
, — t ’I ~ K 4h 1

L ( 3; I ) 
~~
‘ )1~ I

Assume tha t th ere exi s t s  a constant Is ,, su ’h that

I . -  
~“i’~~ _ — 

• tI v~- II — 
s

(0 I I t O

1 (  .ititt 1S’~ T s ’l st~~e s~~t t  i - t e f l t  - -~ ‘u 1 i t  ,. -u ~ i t  t l;..s, ’ ass t~~ i’t i on s .

W~ I it  St ~~‘Il$ ider cont inuous t tee a~ -~~-~~s ’it teat ions ot I I ,  ~‘I . t~~’:u. ’t .‘ t he’ appi-os i sis —

b I t  c i  p St P ( 3  .1’I . 

~ u ; ~~~~~ t h e ’ -uppi ‘it t eat ton ci c bit s ’ ; I ’ ’ .

s. ’ , - t  ~s ~~( ,‘ ( i t  ;n,-0~ 1-s i h, :.~ it t en s :  ~u,c stt~ -~ - u ,‘nn  I t~~- t cp,’;ut, ’u. - ,’ S~~I t h e. .‘e,’t i t t —

: 
~ it ~ ~ it — t ‘ I ‘ “ i t  ~ ‘ 

;

1t’ ( s ’~ V t - I  V, • V~~’ ‘ I IS ’ , ~~ - V~
• ,s’ • 

~ 
• 

~~~ 

• ~
t , ~~ 

II
) 

.

j
‘ ( S e ’’ — 3’ ,

- i  e is it;,’ e l l i p t  i5 ( 1 . - i  e l  t cut  ci  c -l~ -i  t t ied I I I  (2 .  ‘~ I I i i  3 , _ i  I • ‘;; 1 • w, - ‘- ~~,

‘ ; - t u % n  ,i ( I  ;~ ‘ : t  ,‘st  Im,t t , ”; i - i  c — ,‘ t n t  to t V u p  — r~ .

• \ , - \ i , we J~~t t i i e  •t f u l l y  I t ’ . - t , - t , ’ . - ‘ u . ~ t ’ — ~~~’ : t i ~~~t Itk’ths ’si t e l  .I( ( - I _ ’ \ tI I1~,I t I i ’ t I ( . - ‘

S~ - I  ‘ t u  t’.I -I sW ,t i _ t  •t t  t t e l  ,- ; n t i t ~I i n  I i n c .  l e t  \ t  t ’ . \ — •\ t  , , ~ nd t ‘ — -
_ i t

- II Ii Ii I; i t ’  I ii
.‘ • ~~ ‘t~ s’-’ , , — ( ‘1’ — cit • t I .ifl,i 1 , — — ;- I 

~~ , ~‘,-;u ~’ i ,  t hr

-
_ 1 N

- iI~~ -\  ; ;‘l,lt Ic ; ;  ‘I ; - i-s W 4 ; ’ — • t * ~~~ ‘ and I ti .  -t~ - pu - \ I m u i  t , ’tu ci
-

~~~~~~~ 
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by -
. : 1t ° - 1 

• • , ,. ~~ 
• 

~ h 
Ansu m tu - :  1 h,t I ~~

n 
~*t+ ~-t 

~~~ i t  known , we- 1 , 1 , - i ” - ; , -

~~~ as t - ~ t ’ws :

ii n n , t u e  1 - ii • II  •
~2 . L ’ t  t I ’u . ~ ~~) • ( ‘

~ \‘w ~~ ‘-“ — c

.tnd

2 .  - 3
n ’  1) ~~~fl ’ ~ 

• Vy I — t a ;  ~i% - I - 
I~~ 1) yr  • ~~~) y e N

b

wheic’ — I) ‘i 1. l’~ l e t e  t h at  the c~~e f f i c i e~~t ma trix aris ing frosi the algebraic

system ; 2 . i ” )  w i t h  — ( I  is  syi~ et r i - , However, in many problems the tr sn s~it ’rt  term

is az~~,- and it  sta y be numerically advantageous to use ( 2 . 1 5 )  w i t h  i — 1 even th~ us~h

t h , -  s -s e f t i s ’ i e n t  m a t r i x  is  u. - longer symeetrt~’. both discretizations art’ (‘1(,\ t )  li-i

t ime . I n  1 2 . l t -  no e x p l i c i t  t im e  d i s cr et i z a t io n  error is made. A priori error

e stima te s will be presented to!- •~ - and V(P’1 - W~ ) in Section 4.

~ ( 1 f l • l  
• 2 .  I f  ( 2 . 1” )  is replaced by

1 1U. - 0. -

( 2 . j

~~

) ; 1 . ~n
,~~1 • ;t~ ;K ~~

U
, VPW

ui l \ ~~ 
2 

~~~~~ (u EZ~~.VEW~~ •V~ 
2 

— -
~~~~ 

-

wheie ~~
-
~~

‘1 
— — 

1 ;ii 1
, ~fl anal ysi s  similar to that si i v en  in Sect  i~’ii ~ j s ,’c (~~ )

I t O h  ( 2 )  ~nd 1” ) )  w i l l  y ie l d  ~t t t m • d1~ s-r t ’i i r a t i on  errol of size 0(  ~ \t  1 )

Whe n est ins t i nq the ac tual  (-hit s i cal ~Iuafl t1 t it’s , wei k now that  th,’ pit-snu! t is much;

smcother in t tao tha n the  concent t a t  ion. Thus • in pr actice , one should not use t .~.i t.I

to te’detersitne VW~~
1 

.it each time step . instead on.’ value of VW ~i~~ should he used

in t~, ~s-~’t I ic  ; c ’r;t s of ~2 .  - ‘  (c i  severa l t tm.’ stops before a new p i . ’ssui~~’ is approx imat t-’d.

One way t -  Vi ew t 1; i~~ (-r ’ct’dui-~’ is to h.tve t~~~ di ffe i - t ’nt  t ime St  c -ps fo r  t h e  1; i t  ,-i .- n :

eqittat lens . Au in . ,  i v ; ;  i ‘f t h i s  m•’th ~x1 w i l l  fo l low in a nit~r ,’ ~1enex i i

—a—

I
- --  - ‘~~~~~~~~~ -. - - -

- 4 ..L~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
- - __ s__ s.~~a - ~~~- --S- --
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I, A (,iori Error L,timates for the Continuous Time Approximations

In  this sect ion, we develop a priori bounds for the errors (c - C. and V I p  -

We, s ha l l  see tha t if  b depends on Vp then for the best rates of convergence one

should use subspaces of piecewise po lynomials of different degrees for (Nb
) and (Nh ) .

We first obtain an estimate for P — p where P is defined by (2.12)-(2.14) and p

is defined by ( 2 . ~~) - ( 2 . 7 ) .

We assume that for some t. ‘ 0 , t. s c, (see the statement preceding Q),

(3.0) -c < C < 1 + £

We shall prove that

li c — cli — O(hr +

which yieldS

(3 .1)  Ic — CII . K(ht’~~ + h~~
2)

I

Since 0 c < 1, one can deduce from ~3.l) with the restriction r ‘ 2 and s -‘ 3

that (3.0) holds for small h.

LeSmia 3.1. There exists a positive constant K
6 

— K
6
(a 5 ,K 1

,K5 ,M)  such tha t

lI V ( P — ~~) II x6~c - c l i  , t I J

P t ’oof .  Subtract (2 . t’) trots ( 2 . 1 2)  and use (1.4) and (1.6) te obtain

( 3 . 2 )  ( a ( C ) V ( P  — p ) , V v )  — ( ( a ( c )  — a ( C ) ) V p, Vv) + ( ( a ( C ) y ( C )  — a ( c ) y ( c ) I V z , V v ) ,  V t  N
h

if  v — P - p t  then

a . i I V ( P — pI ll 2 2., I(a (C)V(P — ~, ) , V ( P  — ~~ l t  ~. ,t7tI c— cli 1 1 v p —  p’il
(3.3) 2

• 2 2
~~. ~~~

- H~’(P — p)lI + -s-- t i c —  cli , t I 3

where K7 depends upon uniform bounds for ‘ l~~I i~z l~ and l~~I i — — . The
L ( 3 : 1

result of the lenmia fol lows directly from ( 3 . 3 ) .

We next compare C and ~~ , defined in (2.12)—(2.14) and (2.9). respectively . We

shall make an additional assumption on P defined in (2.12)-(2.14). Assume that there
a

exists a positive constant K such that

(3.4) ll~” iI — 
K

L h I ; L )

-

- Without loss of generality, assume K 2K ç.

_ _ _  _ _ _  _ _  _ _ _ _ _ _ _  
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Th.orea 3.2 .  Ther, exists K8 — K
8
(A .b5.~..M;K~~i < 6:K

5 ) such that

(3.5) llc — ~l1 • 2 + lIv~ ~‘~II 2 2 < K
8
(h!- + h’1)

L ( 3, 1  ) 1 (3,1 1

If s and r from Leutma~ 2.1 and 2.2 satisfy s > 3 and r -. 2 and h is taken

suf f iciently sma l l, then

(3.6) ll~~ll — 
2K5 K 1 -

L (J ,L ) (
a

and a K
8 

above can be chosen which is independent of K

Proo f. St~btract (2.9) frosi ( 2 . 1 3 )  to obtain

(b (C, V P ) V ( C  — u ) , Vw) + - 
~~ Lw }  — ( ( b ( c , Vp) — b ( C , VP ) ) V c , Vw)

(3 .7) + — 
~~

) ,  v,J — ( u ( C , VP)  V ( C  — ~~) ,w)

+ ( [ u ( c , Vp) — u ( C , VP ) J ’ V ~~,w) + ) ( ~ — c, w ) ,  w I Mh
Next , letting w — C - C 1 Mb . integrating the left side of (3.7) from 0 to t and

using (2.14), we obtain

(C - ~ ) , ( C - ~))dt + (b(C,VP)V(C - ~),V(c -

(3.8)
t

~. j— lI(C — c) Ct) 11 2 
+ b5 J Il V ( c — ~) w ll 2 ai

We next use (2.8). Lemma 2.2, Lemma 3.1 and Holder ’s inequality to see that

t
If ((b(c,Vp) — b (C.VP)lVc,V (C — c ) ) d T I
0

t
c x9i~V l f  f (II ”— c ii + i l v ( p — P) ll ) l l v ( C  — c) ll di

1 (3,1 ) 0

< K
10 

f ( D c -  ~l l + ll~ - cli + l v ( p  - ~~) Ii )  l l V ( C - 
~~) ll~i

- 2 - 2
~~~

‘ I ll~
(
~’ c) ( i )  II di + K

11 
f j f ( c — c) ( 1 )  tI di

0 0
t

+ K
12 

f ( 11 Cc — &) ( r )  11 2 
+ l I V (p — ~ i) C r )  l1 2 )dT

0 •

b t t
- -‘i-- I tl ~~(C — ~~) (‘r ) 11 2th + K11 f II (C — cI ( 1 )  11 2th + K

13
{h 21’ 

+ h2~~
2

1 . 
; 

-

— i t ) —

-

~~~~~~~ 

‘ 

~~~ ~~~~~~~~ 
.

-
~~

-. -- - -
~~

- .
~~ 
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Here K 11 
depend. Upon P4 , K

1
, K5, K6

, and b5, white K
13 depends upon hi , K

1
, K2

, x~
K4

, K5
, K6 and b5 . We can similarly obtain the bound

P 
(3.10) ~~ 

Iut c.Vp) - u(C,VP) I ‘Vc,C - c)dt I :: K14 
f (C - c) Ci )  Il 2di + K

15
{h 2t 

+

Next, from ( 2 ,3 ) ,  we tiote that

t

~f (u ( C , V P )~~V ( C  - chC - c)dtl

(3.11) 0 
t b t

K lb
( Ii v~j l — — + 11 2 f ii (C — u~ ) C i )  ii 2th + 

~
— I lI ~~(C — ~~) (~~ ) lI 2dt

1 (3,1 ) 0 0

Then using Isetuna ‘..‘. we obtain

(3.12 ) + -
~ I (~~-c ,c-& )di~ < K

17 / ll (C-~ )(i)lI 2dt+ K17h
2r

Coathininq like terms in the estimates (3.8)-(1.12) and the assumption ~~~~~~~~~~ we obtain,

from (3.7),

2 b5 2-j -— Ii ~~‘ — 
~~) Ct) + —j— / ll ~~(C — c) ( t i  II di

(3.13) 0

K
18 II (C — c) ( i ) ll 2th K19

{h2’~ + h~~
’
~
2} ,

where K
18 depends, in particular , upon K . Then applying GronwalPs lenses to (3.13),

we obtain

(1 .14) Dc - C~~ — 2 
+ i l v ( C - ~) il  2 2 ~ 

K
20

{h t 
+ h~~

1)
I. (.1,1 ) 1 (3:L I

where we note that

(3.1 5) K20 K21exp{K22K
2) .

Pu complete our argument., we must show that for h sufficiently small ( l .t ’) holds. *

We uu ~~t’ Lemma hl • ( 2 . 2 ) ,  (2.11), (3.14), and (3.15) to see that

— I l —



— 
— 

~~~~~~~~~~~~~~~ 
., .~~~~~~ ~~~,

ll~~l l — — Il~’( 1’ -P ) II — 
+ ll v~li —I (JtL. I I (J;L I L (3:1

K, • K0h
1 il vu ’ — ~~) II — 2- I. ( u I  I

4~’ . it.)
K5 + X

0h
’
~~K6

( tic’ — ~lI — 2 
+ — cli 

— ,
- 

I. ( 3 j 1  I 1 (3,1.’)

K5 + K
0K6

K21.*p(K22K
2
1(h~

’1 
• tl~~

2) + K
0
K2K4K6

hn L  
.

Then ie’atly it lit is t&ken sufficiently sma ll ,  and i f  r 2 . and s 3 ; then

!Ivr tl 2K 5 K
I (J:L I

We sot. that , f rom ( 1 .5) , in order to get the best rates of convergence, one should

use a space of piecewise polynomials of degree one greater for Nh that for 
h ’ 

F~r

example , the use a? p iecewise linear polynomials (r — 2 )  for  N
h 

and piecewise

~iuathatic polynomials Cr - 3) for N
b. would y ield a tate of convergence of the

torts ¼~~( h )  tot’ ~
‘ — c.

We next combine the results of Lessee 3.1 and Theorem 3.2 with LenSeS. 2.1 and 2 . 2

and the tti , 1n -~le inequ&liry to obtain the fol lowing result .

rh~’.’tern 1 . 1 . There exists a cOnstant K23 such that

l t+ \ h \ (I’ — p) II . 2 
— II 4- h~ V (C — , , ‘- K , ~ (h ’ + h~~~

t
I ( 1 :1 I (, 1 ; l . ’ I 1.’ ( 3 ; ) ’)

Some mather ,a t i , ’al models tot - misc ib le  displacements whic ’h a t . ’ currently being used

1 ~-omp’anien mak,’ the assumption that the coe f f ic i en t  b In ( 1 . 2 )  does not depend

upon VI- . hut on ly upon x and c. P4skin9 this assumption , we obt a in  optimal order

cony.’! ‘ier u.-u ’ cat en in the I - ’ not-m s using tes t  spaces ~-oml-~us ’d ~ f I ’ Ie’c t ’WiSe pol~’uiomtai ~

“t ~- ) t t i t  ~te’n-ees . Thee.’ i ,‘eults involve deriving a sharpe ; est inia t t’ I h.i n oPt a l  ned

~ t _ lOt

rh. ’. ’u eni 1 , 4 ,  ?* nute. - I’ b t x , . n ( I  . 2)  i s  i ndt ’pend~~n t of it’I’~ ~)U- i  v ,- X i - ~ t

.-.‘t t s t . t t u t  X~~4 
— K

4
t \ ’ , ,~~~~,K , . K • t I ’ :  K M ’  such I l i u l

~~. 1 ’~ h 1
~~V t i ’  - 1’) II II ~li - 4 h t i V ( ~’ — 

~~~ II , K ~h 1 • • ‘ -

I ( 1 ;  (0 • ). (__ I ; ) , ‘ I

— I . - —-

,-

- ~~~th..i- ;~
_ _ _ _  - - 

-

- - - ._.~~_ ___ - -- — ~- — ~—, - ~ -— ~~~
—.--..-- -
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I
If either i ‘ 1 or s ‘ 1 for r — 2 and h is taken s u f f i ci en t l y  smal l , P -hen

p 
*( 3.20) VP II 2K 5 < IC

1 (3, 1 )

and a 1(
24 ca n be chosen wh i ch i~ independent of K .

Proof. Most of the estimates will follow as in the proof of Theorem 3.2 . Let

— C - c. The estimate ( 3 . 9 )  can be replaced by

-
~ t t

I f  ((bCe) — b(C))V~ ,V~)diI ‘- ~ 25 ~ ( 11c 11 + Ik l l ) l l V c l I dT
(3.21) 0 0

b 0 t 
ll v~~t ll 2di + 

~~25 11t ( t ) 11 2d1 + K
26
h2t’

In order to obtain a sharper estimate for (3.10) , we rewr i te

( ( u ( c , Vp) - u ( C , VP) )~~Vi~~~) - ( (u ( c , Vp) - u (c , V~ ) I ’V c ,~~)

(3. 22) + ( ( u ( c . Vp) — u ( c , Vp ) ( ’ V( ,  — c),~ )

~~~~~~- 4- ( ( u ( c , V~ ) - u(C ,V P ) I ’ V ~~,t )  — T
1 

+ T2 + ‘13

3u ,
F rom Section 1, we not.e that for u - u ( c . q )  • ~ - - — i’----- Cc ) is independent of q, i - I , .’ .

- - - 
x i

- 
Integrat ing the f ir s t  term on the r ight-hand side of (3 .22)  by parts , we have

30 lu

( t . 2 1 )

+ f (p — ~ ) 
c[~~~-~ (c) - “

~ 
+ ~~~ (c) 

~
‘2 

v�]d
s

Thus , from the assumed smoothness of u and c , we have

( 3.24 ) lT 1l s K27 1l p — ~‘Il IklI~ 
+ 

LII 
. [ i  Cc) 

~~~~ 

“
~ 

~ 

(c )  ~~~

We now estimate the above boundary term by considering the following Neuman,, pi ob i em ;

~~~~~ 5) •~‘.,•~(x ,()v~ 4- (‘ — 0, x e  Il
- ~— ( P . 2 ” )

b) S(X, c) ~ “~
‘- — r • x 3~

~1 

—

~ ,~~~ ~~~~~~ 
.J-~-- — ~~~~~~~~~~~~~~~~~~~~~~~~~ - — —  •—“ ~~~~~~~~ 

— —
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where

(3.26) r — (c) 2 (c)  ~~~ itt
2] 

‘

3

ay our regularity assumptions (S) and CR) , we have ~ e H2(0) and

(3.27) 11* 11 2 ~ 1/2H (30)

We note that since C I L (3 7 W 2
~’ ~~~~ and —i — 5(c) is uniformly bounded,

— 1/24-s 1
G

1 
I I (J,H (30)) and we have by Leneta 2.2 of (1),

(3.28) 
1/2 ~ K Il G 1li 

L (3,Hl/24-~(ao)) H~~
2(30)

< K l l r
~~l l ~~~ 

.

Multiplying (3.25.a) by p - ~ and integrating by parts, we see that

4 (a(x,c)V4i,V(p — ~~)) + (P,p — p) — f r (p — p) ds — 0 .
30

Using (2.6), we note that

(3.29) 

~1l 
~~~ — ~)ds — (a(x, c)V(* — — i’)) + ( * , p — ~~ ) ,  *~ e N~,

Hence, by (2.1), Lemma 2.1 , ( 3 . 2 7 ) ,  ( 3 .2 8) , and ( 3 . 2 9 ) ,  we have

I f  ~
‘(P—P)ds l ~ K 28 ( h l l V ( P — P ) U + IIP’-Pll l il * 11 2 — K29{hllv( p—p) lI + i p — p lIfli r il 1/230 H (~~t~)(3.30) b

< K
301h 1V (p—p ) It + fip—~1f 1 ku 1 < j— i f r . i f ~ -~

Co~~ining (3.24), (3.30), and Lemma 2.1, we obtain

(3.31) fT1l < -
~~ l l c l l ~ + K

32 fl ~ l l 2 
+ K33

h2~

Using Leirmas 2.2 and 3.1 we note that the third term on the right of (3.22) can be

bounded as follows

(3.32) l ’l•3 1 ~ K
34 f1 Vail — 

(IV (p— P) + IC t i c —  cIl)iklI ~~. x 35 11 c1 J 2 
+ K~~ ,h

2r

. 1  1 (3,1 )

-14-
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In order to bound the ssjnd term on the right side of (3 2 2 ) ,  we use (2 2) and 

Ia a s  2.1 and 2 . 2 .  We obtain

)T 2 1 ~ K 37 II v ( P ~~ ) l l . 2 I t V ( - cl ii UcI l  - ~ x38h~
2lIV (~~ c)tt it c H

(3 33) 1 (3:1 ) I

K h~~
2h’~’u C I I  < K4~lkfl 2 

+ K41h
2
~
4-2
~~

t. 
.

~~~ Using the estimates (3.8), (3.11). (3,21), (3.22), (3.31), (3.32), and (3.33) in (3.7), 
- 

-
~

we obtain

2 3b5 t b, t
- - 

- -- 
-

~~
— lI’(t) + —j — I II~ C C T )  I1 2dT 

-~~ 
-i-- I lk (t  fl 2th + 

~ 42 ~ II C ( t )  1 1 2dt
( 3 . 3 4 )  0 0 1 0

- ~~~

- + K
43

(h 2r 
+ h2~ + h2!’25 6)

3b t
We can next add 

~~~~~~ 
I Ik ( i) li 2

at to both sides of (3.34) and use the definition of

the H norm to hid. the first term on the right of (3.34) on the left side of the

resulting inequality. Then an application of Gronwall’s lemma yields

r+s—3
— (3.35) ikIl — 

+ Il v c ll 2 2 ~ K44th” + h 8 
+ h I

1 (3112) 1 (3 :1  )

The rest of the theorem follows as in Theorem 3.2 and Theorem 3.3 with the minor

modification of using (3.35) instead of (3.14) in (3.16) and the assumption that

r + 9 5,

L

I
-15-
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4. A I r i o r i  Error Estimates for the Discrete Time Approximations - 
-

In this section, we develop a priori bound s for the errors ~~ — and V (p” -

at discrete time levels tI’ where Z’~ and WI’ are defined in (2.l5)-(2.16) . The

results obtained will be similar to the corresponding estimates for the continuous ‘

case from Se. t ion 3. We assume that S. Q, and Rand the restrictions on (MI and

(N
h

) of Section 2 hold. - 
-

Theorem 4.1. Let Z
0 be determined such that

a) li z0 - c0 ll K45h
r

(4 .0 )  and

b)

1’l,.’t-e exists a constant 
~46 

— K
4€

(X ,b.,$.,14;Ki , i < 6) and constants t
0 ~ 

0 and 
I 

-

Ii ‘ 0 such that, if itt ‘- t
0 

and h h
0

ft - c l 2 
+ h

2 
~~~ IIV(z - c) n l l 2 itt +h 2 sup flV (W - p) 2

n n—i ) n
(4 . 1 4

~ K~~~ {( ~~~~) 2 
+ h2t +

j P t o~~f .  Assume that 2n sat isfies the induction hypothesis ‘

(4 . 01 — ~ ‘- 1 + ~

t o ,  n 0 . ’I , . . . , — I . Let c” — Z
tt 

— c’1 and = W’1 — pfl Subt ra.-t m u  ( 2 . ’- ’ I t t ’s

( - ‘ . I . - 1  we’ have , for n — 0 , 1 N — 1

(a(Z l)Vfln~~ ,Vy) — ((a(c’1~~) -(4. 1)

+ ( ( a ( Z n ) y ( Z ’1” 1) — a(c n 4 i )y ( c ~~~~) ) V s , V I 1 , I’ ~

As in l enitsa P .1 ,  we let  
~ 

— ~n+l ~ N~ , use (4.2) and ~~~ t o  o[’t~~in

4.4) IIV’i ~~ K 4 ,
( II ~~‘“ ~ + h’ I , ~- 0 , 1 , ., . , N — 1

Ne xt , ~~,l ’t i a. - t ( 2 .  ‘1 ) from (2. 15) and use the nota t  i on I i-os ~o - t  io n .‘ I . - oPt .i in , P

n 0 , )  N — 1 , and — 0 or 1,

I C

~

-—- - - - - - - - - - -  - -- _- 
_ _ _
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+ ( b ( Z ht , VW’1) V c ’1~~~, V x )  — (,(}~. (t
I”1) — d

~~~
),x)

- \C(c - 
~~

) I’
~~~~

x )  + ((b(c~~
1,Vp~~

1
) - b(ZI’,V~~)lV~~~~.Vx) 

-

(4.~~)

+ ((u(chtl
,Vpt

~~
l) — u(Z~

’,VW”)).V~”~ ,x)

- (u ( Z ”, V ’) . V C ”~ ,~ ) ,  X e  M~

For simplicity, let

(4.6) I l f l I ~ — (•f,f)

Now letting x — c
’1
~

1 v and using (4.6), we estimate the left side of (4.5) by

~ (•(c~~ - 
n

1 
1)4-i ÷ (b(zI’,VWI’)V ,Vc”)

(4.7)

~~j -~~ (ll c’~
1 il~ — tlc ’1ll

~ 
+ b~ lI V c ’ 1 lli 2

We next use Lemmas 2 .1 and 2 . 2 ,  ( 2 . 1 1 ) ,  and ( 4 . 4 )  to see that

t ( ( b ( cI’
~~~,9P~~ ’) -

— t ((b(c’1 ’,Vp~~
’) - b (c I’, Vp~~

1) + b (c’1,Vp~~
1) - b(Zn,VP

n+l
)

+ b(Z’1 Vp’1~~) - b ( Z ’1,Vp’1) + b(Zn,VP’1) — b(Z’1,~~
’1))V~

’1 ,Vc’1~~)l

(4.8)
— 

- ‘ K 50 ( A t l t d ~c’1ll + 11C c — ~
‘1II + Ilc ’1ll + itt li d ~p”li + llV(p — ~>

‘1
~1

+ llvn ’1lt I .tl vc’1~
h il

‘ K51~~C
’1fl~ + 

~~~~ Itv c ’14-’ll2 +K
52 itt 2 lld~

c’1II 2 + ild~vP
’1ll 2 + K53

{h 2r 
+ h2~~~~~)

In a similar fashion , we obtain

l t I u t c fl
~~, Vp~~

l ) -

(4.9) jj ll c ’1~’il 2 + K s4 ll~f hl 2 
4- Kss &tt)

2(lld tc’111
2 

+ Ild~vPI’Il 2}

+ K ,4 
{h2r + h2~~~

1> } .

Next, from (2.3 f), we note that

(4.10) I - ( u ( Z I’,VW ~~) . V ~~~~~~ ,c
’14-’

) l  K 57 { lI VW n tl + K5~ }
2 It~ ’1+1tj2 + 

~~~ 
17~ n + j 11 2

— 1 7 —

~~~.- 
_ -.~. — — ~ —t- — — -

~~~ .—~~
-- 

~
--‘-- -

~~~ 
1____ 

~~~~~~ - ~~~~~~~~~~~ — —-- =
~~~~ 

—



We then estimate the first  two terms on the right side of (4.5) using Lemma 2 , 2  as

foitows t

I (~~I~-~ (t~~
”) — d

~
c’1 + d

~
c
~ 

- d
~~~

),c’1 1) — \ ( ( Q  — t~~
4-1

) I

(4.1 1) 
~. ~j  tIc ’1

~’U 2 
+ K59 ( l I (c - 1 n+1 11 2 

+ ll d~( c _ -
1
n 11 2

1 +

~ lk ’1
~ 11 2 + K

61
h2r + 1(

2

where

n+l 2 n+l 2
(4.12) 

2 
— j liLi ( , ~~~ lids ~- itt I

t ll!~ (‘ ,s) da
at

by Schwarz s inequality . We note that
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We next multiply •ach of the estimates (4.7)-(4.ll) by itt and sum on n , n - 0 - 1,

to obtain from ( 4 .5 )
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We see that an application of Gronwa ll’ s lemma would c-oaz~’lote our arqument i t  we did

not have the next to the last term on the right of (4.14). We shall use an ind uct ion

argument to treat this term . As . t i i  i nduct ion hyp’ot hex is assume’ t P. . t t  t o t  Ii sut P (t ’ i e’nt I ~

small

(4.15 ) II 9W ” 2K , , for ii — 0,1,..., — 1 —
L P ~)
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UsI ng (2.2), t.emma 2 . 2 , (2.114 , (4i ’), and (4.4) ~s in (3. i~-~ we se - -  t h a t  (4.1’.) clearly

- holds f or t — 1. Using (4.15) we see that if

(4.16) ~t •5 (4K 57 (2K 5 + K
59
)’) 1

— -- then we have

- - 

(4.17 ) i Ic
t Ii 2 #b 5 ~ il~c Il .\t K~ 4 :~ 

Ik°li 2itt + K
65
{(itt) 2 + h

r 
+

Then an application of Gronwall s lemma gives us an estimate which, with (2.2), I.emma 2 . 2

(2.11), and ( 4 . 4 )  shows as in (3.16) , that the induction hypotheses (4.2) and (4.15)

holds for n — ( .  Finally an application of the triangle inequality coupled with Lemmas

-
~ 

2~~~( and 2 . 2  and (4.4) yields the desired result.

-~ .iust as in Section 3, if we make the assumption that b — b (x ,t-) in (1.2) is

- independent of Vp, we can obtain optimal order L rates of convergence. The proof

will  follow by coMining the techniques of Theorem 3.4 w i t h  those of Theorem 4.1. We

obtain the follow ing result.

- Theoreet 4.2. Let the assumptions of Theorem 4.1 hold. Assume b b (x,c) in

~~~~~ ( 1 .2 )  is independent of Vp ’. There exist constants K ,  t~~, and h0 such that , i t

and h

-: , 8-1

sup il ~ — ci!  + h Y l l V ( :~ — ( ) ti \t  t s t t t ’ t i v i w — P 1 I t O
-

- (4 18) t
n ii I

~ t”

2r ‘.~ Or+ .7s—n
- ‘ - — 

~~~ 
(At) h 4 h” + h

~~~
‘ -  As wet mentioned at the end of Sect ion 2 , i t  we replace (2.IS) b4- (2.1fl and ext t ap—

(~ olate the coefficients , we’ can replace the (\t in (4.1”) and (4.18) by (~~t I 4 and

get dis.-rvrization errors in time which are o ((-\t)”). In  ,‘rde’r to do this we must

determine -. starting procedure t o  obtain the ai’proximation .~ t time t
1 

— .11 since

- two levels must be known to determine the next level w i t h  th i s  method. A pr e ’dicto ,--

c o rt e c t o t  version of (.~.15) w i l l  suffice as a stat- I inti procedure of s u f f i c ien t  accuracy .

Si  n t~ c~ the proof techniques arc simi Li t  to hose’ pt e’se ’nt ed i n  Theorem 4.1 and si- .’

— -  
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